NON-MARKOVIAN LIMITS OF ADDITIVE FUNCTIONALS 
OF MARKOV PROCESSES 



M. JARA AND T.KOMOROWSKI 

Abstract. In this paper wc consider an additive functional of an observable V{x) of a 
Markov jump process. We assume that the law of the expected jump time t{x) under the 
invariant probability measure tt of the skeleton chain belongs to the domain of attraction 
of a subordinator. Then, the scaled limit of the functional is a Mittag-Lefher proces, 
provided that ^'(a;) :~ V{x)t{x) is square integrable w.r.t. tt. When the law of ^'(x) 
belongs to a domain of attraction of a stable law the resulting process can be described 
by a composition of a stable process and the inverse of a subordinator and these processes 
are not necessarily independent. On the other hand when the singularities of "^{x) and 
t{x) do not overlap with large probability the law of the resulting process has some scaling 
invariance property. We provide an application of the results to a process that arises in 
quantum transport theory. 



1. Introduction 

Consider a Markovian jump process {Kt, t > 0} taking values in a Polish space {E,d) 
whose generator is given by Lf{x) = t~^{x) f P{x,dy)[f{y) — /(x)], where P{x,-) is a 
family of probability measures and t{x) > 0. Suppose that V : E W is a. measurable 
function. We are concerned in the behavior of an additive functional of the process given 
by Yt := jQV{Ks)ds. If /i* is an invariant and ergodic probability measure, V G 
and is centered then, under some additional assumptions concerning dissipative properties 
of the process (e.g. the spectral gap estimate) one can prove the central limit theorem, i.e. 
the law of N^^^^Ym converges, as ^ +oo to a Brownian motion. The situation changes 
when yU^. is no longer finite. In that case the laws of {iV~^/"Y/vt; ^ > 0} for an appropriate 
a may converge to the law of a non-Markovian process {(t, ^ > 0} that can be described 
as follows. Suppose that {Tt, t > 0} is a stable subordinator, see e.g. [21], Example 24.12. 
Since the trajectory of the process is in fact a.s. strictly increasing, see [21] Theorem 21.3 
p. 136, its right-continuous inverse := inf [t : Tf > s] (called the first passage time) has 
a.s. continuous trajectories. Suppose that {Bt, t > 0} is a Brownian motion with diffusion 
coefficient a > 0. The process {(s '■= Bj,~i, t > 0} is called Mittag-Leffter, see e.g. |14] . 
One can show, see Theorem 2 of [I2], that its one-point statistics u{s,x) := Kuo{x + (s) 
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satisfies a fractional heat equation, i.e. the Volterra-type equation 

u{s,x) = Uo{x) + / (s-r)" \dlu){r,x)dr. 

ZCal [a) Jq 

When Uq{x) = Sq{x) its Fourier transform in x is therefore given by 

u{s,^)= [ e'^''u{s,x)dx = Ea{-ah''^y{2ca)), 
Jr 

where 

^-^^) •=I]r(l + ma) 

m=0 ^ ' 

is a Mittag-Leffter function and 7r(t(a;) > A) ~ CqA~" for A ^ 1. The convergence of 
additive functionals of Markov processes to Mittag-Leffler processes is a subject that can 
be traced back to the paper of Darhng and Kac, see [7j (also [1]). We refer the reader to 
e.g. [H] or [23] and the references therein for a review of respectively mathematical and 
physical results concerning the subject. 

In fact when V is no longer square integrable one can expect that the limiting process 
shall be of the form {(s '■= Brp-i, s > 0}, where {T~^, s > 0} is an inverse of a subordinator 
and {Bt, t > 0} is a stable process, the cases of random walks with independent increments 
and partial sum process of arrays of independent random variables has been considered 
respectively in [2] and [T9] . 

In the present article we consider the limiting behavior of an additive functional Yt := 
V{Ks)ds of a Markovian jump processes {Kt, t > 0}. This process is given by Kt = X„ 
for t G [tn,tn+i), where n > 0} is a Markov chain (called skeleton) with transition 

probabilities P{x, ■), t„, := ^^Zq Tkt{Xk) with {r„, n > 0} is a sequence of i.i.d. mean one, 
exponentially distributed random variables independent of the chain and t : -E — (0, +oo) 
is a measurable function. We can interpret t~^{x) as the mean jump rate of the process at 

X. 

The skeleton chain is assumed to have the spectral gap property with respect to an 
invariant probability measure vr, see (12. ip below. On the other hand, the law of t{x) 
belongs to the normal domain of attraction of a certain a-stable subordinator. We show in 
Section [31 see Theorem 13.11 that the processes {N'^'^'^Ym, t > 0} converge, as ^ +oo, 
weakly over -D[0, +oo) to a Mittag-Leffler process, provided that \E'(x) := V{x)t{x) belongs 
to L2(7r). 

When ^ is no longer square integrable but belongs to the normal domain of attraction 
of another /3-stable law the situation becomes more complex. If the singularities of \l/(x) 
and t{x) occur at the same points, see condition (I2.13P below for a precise definition, then 
the processes {A^~°/^Y/vt, t > 0} weakly converge to a process of the form 

C:=5^-i,s>0, (1.1) 

where {(i?f,Tt), t > 0} is a Levy process whose jump measure, in our case, is supported 
on a certain curve with a cusp, see Theorem 13.21 On the other hand, if we insist that the 
vr-probability of \E'(x) and t{x) being large together is negligible w.r.t. to the tails of each of 
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these functions, see condition (12. Ill) , then the hmiting process is also of the form (11. ip but 
with the processes {Bt, t > 0} and {Tf, t > 0} independent of each other. In the case when 
{Bt, t > 0} is symmetric /^-stable, the one point statistics u{s,x) = Emo(x + (s) satisfies 
the fractional, both in time and space, heat equation d"u{s,x) = —c^{—d1Y^'^u{s,x) for 
some constant c* > 0, i.e. 

u{s,x) = uoix)-c^ [ {s-r)''-\-diy/^u{r,x)dr (1.2) 
Jo 

and J^((-<9^)^/V)(0 = -|C|^^(/)(0- Here J^(/) denotes the Fourier transform of /. 

The cases discussed above are in some sense extreme. If we can write the observable V{x) 
as a sum Vi{x) + V2{x), where corresponding ^i(x) = Vi{x)t{x), i = 1,2 are of the above 
types respectively and belong to the normal domain of attraction of the same (3 stable law 
then it can be concluded from the argument presented in the proofs of Theorems 13 . 21 and 13.41 
that the limiting processs equals -B^Hi + B^lI^, with the joint law of {(-Bf^\ Bf'\Tt) t > 0} 

^ s ^ s 

described by a Levy process with the first two components being /3-stable and the last one 
a-stable. Moreover {B^^ t > 0} is then independent of the other two components, while 
{{Bf^.Ttjt > 0} is as in the description following (11.11) . 

We remark also that the law of the limiting process {(s, s > 0} when (12.111) holds 
has scaling invariance property with exponent a/f3, i.e. the laws of {(as, s > 0} and 
{a"/^Cs, s > 0} are identical for each a > 0. In the particular case when P = 2a we call 
such processes fake diffusions. 

In Section m we illustrate our results taking as an example a jump process {Kg, s > 0} 
on a one dimensional torus, see (14. ip below. Such process arises in quantum transport 
theory, see [6] and describes the projection onto a 0-fiber of the solution of a translation 
invariant Lindblad equation. It possesses a unique cr-finite invariant measure that is abso- 
lutely continuous with respect to Lebesgue measure, see Proposition 14.11 Its dynamics is 
completely mixing and its one dimensional statistics converges to a mixture of delta type 
measures supported on the set [k : t{k) = +oo], see Theorem 14. 2[ As an application of 
Theorems 12.61 and 13.21 we conclude also, see Corollary 14.41 convergence results for additive 
functionals of the type N~"^^ j^^ V{Ks)ds. In the particular case considered in [6] we 
have t{k) ^ \k ± 7r/2|-2, as \k ± 7r/2| < 1, so a = 1/2. When V{k) ^ \k ± ir/2\^, where 
7 > 1, and V{k) ~ \k — ko\~^ for ko ^ {—n/2, vr/2}, the law of \l/(/c) belongs to the normal 
domain of attraction of a Cauchy law and the scaling properties of the limiting process are 
the same as those of the Brownian motion, so the limiting process {(s, s > 0} is in this 
case a fake diffusion. 

2. Preliminaries and statements of the main results 

2.1. A Markov chain. Let {E,d) be a Polish metric space and let S be its Borel cx-algebra. 
Assume that {Xn, n > 0} is a Markov chain with state space E and tt - the law of Xq - is 
an invariant and ergodic measure for the chain. We suppose that the chain satisfies: 
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Condition 2.1. Spectral gap condition: 

sup[||P/|U2(^) : / ± 1, = 1] = a < 1. (2.1) 

Since P is also a contraction in L^iir) and L°°{tt) we conclude, via Riesz-Thorin inter- 
polation theorem, that for any p G [1, +oo): 

l|P/IU.w<«'^''/^~''ll/IU.w, (2.2) 

for all / e LP(7r), such that J JcItt = 0. 

Suppose that t : £" — > [0, +cxd) is measurable over {E, £) and satisfies: 

Condition 2.2. There exist a G (0, 1) anc? > such that 

lim A"7r(t > A) = C2 3) 

A— >+oo ' 

and there exists > such that 

t{x) > > 0, Vx G ^. 

We assume this condition in order to avoid the issue of explosions or accumulation points. 
In addition we suppose that the absolute continuous part of the trasition probability func- 
tion has some regularity property and the tails of t{x) under this measure is heavier than 
under the singular part. Namely, we assume that: 

Condition 2.3. There exist a measurable family of Borel measures Q{x, dy) and a mea- 
surable, non-negative function p(x, y) such that 

P{x,dy) = p{x,y)7i{dy) -\- Q{x,dy), for all x EE, (2.4) 

C(2) := sup / p^{x,y)7r{dx) < +00 (2.5) 
yeE J 

and 

QMtiy)>^) C<+oo, VA>0. (2.6) 

A simple consequence of (12. 4p and the fact that vr is invariant is that 

p{x,y)Ti{dy) < 1 and / p{y, x)n{dy) < 1, Vx G E. 



Assume that {A;Ar, A^>l}isan arbitrary increasing sequence that converges to infinity. 
Let 

It has been shown, see part ii) of Theorem 2.3 in [17], that the laws of the processes 
{T^^\ t > 0} converge weakly over V := D[0, +00) to the law of an a-stable subordinator 
{Tt, t > 0}. 
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2.2. The case when the observable is square integrable. Assume that \I/ G L'^{tt) 
and / "^diT = 0. Let 

5f ) := k-'^' Y: *(^")- (2-8) 

n=0 

Since the generator of the Markov chain n > 0} has a spectral gap the processes 
{bI.^\ t > 0} converge weakly over V to the law of a Brownian motion {Bt, t > 0}, 
see e.g. [20] Chapter VII. The characteristic function of the limiting process is given by 
]gg«Btf ^ g^p|_^2^^2|^ where = 2((J — P)"^\l/, Our first theorem concerns the 

convergence of the joint law of T^^-*), t > 0}. 

Theorem 2.4. With the assumptions made above, the joint laws of processes 
{{Bf^\ t > 0}, {T^^\ t > 0}) converge, as N ^ +oo, in the product Ji topology on 
V X V to the joint law of independent Levy processes: {Bt, t > 0} - a Brownian motion 
and {Tt, t > 0} - an a-stable subordinator. 

2.3. The case when the observable is not square integrable. We do not assume 
here that \I' G L'^{t^)- Instead, we suppose that the law of ^ under tt belongs to the normal 
domain of attraction of a stable law. Namely, suppose that \& : M is Borel measurable 
such that there exist [3 G (0, 2) and two constants c^, satisfying + > and 



7r(*>A) = ^(l + o(l)), 
7r(^<-A) = ^(l + o(l)) 



(2.9) 



as A — > +00. We let cp{\) = for A > and cpi^X) = for A < 0. The above assumption 
guarantees in particular that \1/ G L'^i'^) for any 7 < /3. It has been shown, see [T7] 
Theorem 2.3, that if /5 ^ 1 then the laws of {Bi^\ t > 0} converge weakly over T) to the 
law of a stable process. In case (3 = 1 the result still holds but we have to center B^'^^ . Let 
Cat := J \l/l[|\Ef| < N]d7r. Then, the laws of {Bj:^^ — CNt, t > 0} converge weakly to the law 
of a stable process. In both cases the limiting process is described by the characteristic 
functional Ee*^"^' = e*'^*^^^ where 



m ■■= 


/ 

Jr 






( e^^€ - 


1, 




/5g (0,1) 


) eiSA_ 


1 - 


-i^Al[„i,i](A), 


(3 = 1, 


[ e^^« - 


1 - 


-zAe, 


/5e (1,2) 



(2.10) 



and iyp{dX) := /3cp{X)\X\-^-'^dX. 

In our first result we adopt a hypothesis that t{x) and |^E'(a;)| cannot be large together. 
Namely, 

7r[x : t(x) > A, |^(x)| > A] < ^ (2.11) 

A''' 
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for some > and 7 > a V /5. Our principal result in this case is the following. 

Theorem 2.5. Suppose that (12.111) holds and either of the three sets of conditions are 
satisfied: 

i) when j3 G (1,2) we suppose that ^ is centered. Furthermore, assume that for some 
13' > a\/ [3 we have 

WPnLn^) < +°°- (2-12) 

ii) if (3 & (0, 1) then, we no longer assume that ^ is centered. 
Hi) when {3 = 1, assume that for some (3' > 1 we have 

sup WP'^nWlp'i^) < +00, 

N>1 

where ■= *1[|^|<^]. Define B^^ := k],^ ES'(*(^n) - <^n). 

Then, the joint laws of {{b[^\ t > 0},{T^^\ t > 0}) converge, as N ^ +00, weakly 
in the product Ji topology on V x V to the joint law of the independent Levy process: 
{Bt, t > 0} - a j3-stable and {Tt, t > 0} an a-stable subordinator. 

Let e(A) := Ca,i3\X\^^°', where Ca,i3 '■= Ca{cp + Cp)~^. In our next result we assume that 
t is large only when is such, i.e. 

C 

7r[x:\t{x)-eo^if{x)\>X]<-^ (2.13) 

for some C* > and 7 > a. Define 

Ae„e,i\) :=e,\ + e2e{X). 

Consider now a Levy process {{Bt,Tt), t > 0} such that {Tt, t > 0} is an a-stable subor- 
dinator and {Bt, t > 0} is a /3-stable process as described above and whose jump measure 
is given by v^{d\i,d\2) ■= 6{X2 - e(Ai))z//5(dAi)c?A2. 

Theorem 2.6. Suppose that fl2.13l) holds. Then, in any of the three cases i), ii) and Hi) 

considered in Theorem \2.5\ the laws of {{b\^\ Tj;^^), t > 0} converge, as N +00, weakly 
in the Ji topology overV2 ■= -D([0, +00), M^) to the law of the Levy process described above. 

3. An APPLICATION TO AN ADDITIVE FUNCTIONAL OF A JUMP PROCESS 

Consider now a Markovian jump process constructed in the following way. Let {r„, n > 
0} be a sequence of i.i.d. exponentially distributed with intensity 1 random variables. Let 
{Xn, n > 0} be a Markov chain as in the previous section, to and 

n-l 

tn:=J2t{Xk)Tk (3.1) 

k=0 

for n > 1. Define Kt := X„ for t G tn+i), n = 0,1, . . . 
Suppose now that 

^(x) := V{x)t{x). (3.2) 
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Let 

yt""^ ■■= 1 niQds, t > 0, 

3.1. The case when the Hmit is a Mittag-Leffler process. In this section we assume 
that \1/ G L'^{tt). As a corollary of Theorem 12.41 we obtain the following result. 

Theorem 3.1. The processes {y}'^\ t > 0} converge, as N ^ +oo, weakly in C[0, +oo), 
to the limit that is a Mittag-Lejfler process corresponding to an a-stable suhordinator 
{Tt, t>0}. 

Proof. We consider the Markov chain {Xn '■= (-^^nj^n)? n > 0}. It satisfies all the as- 
sumptions made in Section 12.11 with tt ® A as an invariant measure, where A((ir) := 
l[o,+oo)(T)e~'^(ir. Consider the observables r) := \i/(x)r and r) := t{x)T. The 
first observable is of zero mean and belongs to L^(7r ® A). The tails of t{x, r) under n X 
have the same exponent a as the respective tails of t{x) under vr, cf. (12.31) . The constant 
Cq, appearing there should be replaced by CaT{a + 1). 

Define n{Nt) as the (random) integer that satisfies the following condition 

tn(Nt)+l > Nt> tn(Nt), t > 0. 

With := AT" define ^ := i^^'^' EIS*'"' ^(^n)^n, t/^^ := K-'^^t^K^t] and s^it) 
the right-continuous inverse of Tu'^\ i.e. SAr(t) := inf[M : Ti^-* > t]. We have 

We conclude therefore that n{Nt) = [A'ArSjv(t)] — 1. From the definitions of the processes 
F/^\rf) and we obtain 

Tightness of the family of linear interpolation processes that corresponds to {B^'^\ t > 0} 
implies that 



lim P 



SUD \B^^^ > r 



te[o,T] 

for any e,T > 0. To prove the theorem it suffices therefore to show that the laws of 
t > 0} converge, as N ^ +oo, weakly over C[0, -|-cxo). By Theorem 12.41 and the 
aforementioned Skorochod's embedding theorem there exists a family of pairs of processes 
({5p\ t > 0}, {f/^\ t > 0}) such that 

1) the law of t > 0},{f}^\ t > 0}) is identical with that of {{Bi^\ t > 
0}, {r/^\ t > 0}) for each N>1, 

2) ({sf^-*, t > 0}, {tI;^\ t > 0}) converges a.s., inV xV equipped with the product 
of Ji topologies, to {{Bf, t > 0}, {T^, t > 0}). Here Bt is a Brownian motion, Tt 
is a subordinator process and they are independent. 
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As a result the law of {f/^^ := B{^\ty t > 0} is identical with that of {f/^-*, t > 0}. Here 

SN{t) is the right inverse of Tu^\ According to Proposition 3.5.3 p. 119 of [9] the a.s. 
convergence in the product Ji topology means that for each T > there exist sequences 
of increasing homeomorphisms Ajv,pAr : [0,T] [0,T] such that 

lim 7(AAr) = lim -/{pn) = 0, (3.3) 

where 

7(A) := sup log- 

0<s<t<T 

and 



t 



sup l^i^lt) -Bt\=0 and sup \f^J^l^ - ft\ = 0. 
te[o,T] ^' te[o,T] 

As a consequence of (13. 3p we have 

lim sup \XN(t) — ^1 = 0, 

which in turn implies that {s7v(-)) A^ ^ 1} converge, as A^ ^ +oo, uniformly on compact 
intervals to s(-), see also the proof of Lemma [3.6[ Hence, y}^'^ Yt a.s. in the C[0, +oo) 
topology, where Yf is a Mittag-Leffler process. In consequence, also the processes {y}^\ t > 
0} converge weakly over C[0, +oo), as A^ — > +oo, to a Mittag-Leffler process. □ 

3.2. The case when the limit is a self-similar process. Suppose that the law of \l/(x) 
satisfies (12. 9p . We assume furthermore that for j3 G (1,2) it is centered. When /3 = 1 we 
let 

Vn{x) ■.= V{x)-CNt-\x), (3.4) 

where cn = J \&(x)l|,^(^.)|<Ar](i7r. We shall also suppose that 'if{x) and t{x) satisfy the 
assumption (12. lip . 

Theorem 3.2. Suppose that [3^1. Under the assumptions of Theorem \2.5\ the laws of 
the processes 

1 r^^ 



converge, as N ^ +oo, weakly in the Mi topology on V to the law of {Q '■= Bs(^t), t > 0}, 
where {Bt, t > 0} and {Tt, t > 0} are independent stable processes as described in Theorem 
\2.5\ and {s{t), t > 0} is the right inverse of {Tt, t > 0}. 

The result also holds when (3 = 1 but then the scaled process should be defined by 

y/^):=— Vr,{K,)ds. (3.6) 

Proof. It suffices to show the weak convergence statement on any -D[0, T], where T > is 
arbitrary. Define 

, [KNt]-l 



n=0 
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Processes {T; ' , t > 0} and t > 0} are as in the proof of Theorem I3.1[ Denote 

by B^^^ the process whose paths are obtained by the hnear interpolation between the 
points (mK^^, where m > is a non-negative integer. The following result allows 

us to replace the first coordinate process in the statement of Theorem 12.51 by the linear 
interpolation {bI^\ t > 0}. 

Lemma 3.3. Under the assumptions of Theorem \2.5\ the joint laws of 
{{B^'^\ t > 0},{tI;^\ t > 0}) converge, as N +oo, weakly in the product of the Mi 
topologies on V x V to the joint law of the independent Levy process: {Bt, t > 0} - a 
(3-stahle and {T^, t > 0} an a-stable subordinator. 

With the help of this lemma we can end the proof using the same argument as in [2], 
see the proof of Theorem 3.1. By the Skorochod's embedding theorem we define a family 
of processes t/^-*), t > 0} such that 

1) the law of {{bI^\ t > 0},{f}^\ t > 0}) is identical with that of {{B^t^\ t > 
0}, {fi^\ t > 0}) for each iV > 1, 

2) {{bI.^\ t > 0}, {tI:^\ t > 0}) converges a.s., inV xV equipped with the product 
of the Ml topologies, to {{Bt, t > 0}, {Tj, t > 0}). Here Bt and Tj are indepen- 
dents stable processes as in Theorem 12.51 

We show that {y}^^ := -^^^(j)? ^ > 0} converge a.s. in the Mi topology. Here {sAr(t), t > 

0} is the right inverse of {t/^-*, t > 0}. These processes converge in the Mi topology (in 
fact even in the uniform topology) to {s{t), t > 0}, the right inverse of {Tt, t > 0}. By 
Theorem 13.2.4 of [22] we obtain therefore that Y^^'^ converge in the Mi topology to Yt 
a.s., provided that the sets of dicontinuities of {Bt, t > 0} and {Tt, t > 0} are a.s. disjoint. 
This however is a simple consequence of the independence of these processes. 

The proof of Lemma 13.31 We recall below how the Mi topology on D[0,T] can be 
metrized, see (22], p. 476 for details. For a given X G -D[0,T] we define by Tx the graph 
of X, i.e. the subset of given by 

Tx := [{t, z) : t e [0,T], z = cX{t-) + (1 - c)X{t)], for some c G [0, 1]]. 

On Tx we define an order by letting (ti, zi) < {t2, Z2) iff ti < ^2, or ti = t2 and \X(ti—) — 
zi\ < \X{ti—) — Z2\- Denote by Tl(X) the set of all continuous mappings 7 = (7^^-*, 7^^'') : 
[0, 1] Tx that are non-decreasing, i.e. ti < t2 implies that 7(^1) < 7(^2)- The metric 
d(-, ■) is defined as follows: 

d(Xi,X2) := inf[||7f) - V "7^ lU, l^ e H(X,), i = 1,2]. 

This metric provides a metrization of the Mi topology, see [22], Theorem 13.2.1. 

For any 71 G T ^{n) we define 72 G r^(]v) as follows. Suppose 71 (t) belongs to the graph 

corresponding to {t, b[^^), t G [mK^^ , (m + l)K~j^^) for an integer m > 0. Let 72(t) be the 
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nearest neighbor projection of 71 (t) on the segment joining withi?;^\,_, . One 

can use these two parametrizations to estimate the distance d as follows 
d(sW, < CK"^^'^^^^^'"^ max \^{Xr,)\^'^ 

0<n<[TKN] 

for some deterministic constant C > independent of A^. Hence for any 77 > we get 



P 



> J < CK~/ 0, (3.7) 



as TV — i> +00. This permits us to conclude the proof of the lemma □ 

□ 

We point out here that the process {Q '■= Bg^t), ^ > 0} has a scaling property. Namely, 
the laws of {Cat, ^ > 0} and {a^'^^Ct^ ^ > 0} are identical for each a > 0. In the particular 
case a/ (3 = 1/2 we call such processes fake diffusions. 

3.3. The case when the limit is a composition of two dependent processes. We 

assume that \E', given by (13.21) . and t satisfy (12.131) and the remaining assumptions of 
Theorem 12.51 Then, using the notation as in Theorem 13.21 we can formulate the following 
result. 

Theorem 3.4. The laws {y}^\ t > 0} converge, as N ^ +00, weakly in the Mi topology 
of V to the law of {Q '■= -Bs(t), t > 0}, where {{Bt,Tt), t > 0} is a Levy process described 
in Theorem \2.6[ and {s{t), t > 0} is the right inverse of {Tt, t > 0}. 

Proof. Using the Skorochod's embedding theorem we define a family of processes 
{{Bi^\f}''^),t>0} such that: 

1) the law of each {(5j^\ f/^^), t > 0} is identical with that of {(sf^\ t/^^), t > 0} 
for each N > 1, 

2) {(5f^\f/^^), t > 0} converges a.s., in the Ji topology of P2, to {(A,Ti), t > 0}. 
The latter process is as in the statement of Theorem 12. 6[ The above means that 
for any L > one can find a sequence {A„; n > 1} of increasing homeomorphisms 
in [0,L] such that AAr(O) = 0, Xn{L) = L and 

sup |Aiv(t) -t| 0, (3.8) 

te[o,L] 

sup \b[1\^. -Btl^O and sup |f^^) - r,| 0, (3.9) 
as N ^ +00. 

Let SAr(t), s{t) be the right inverses of Tt ^\ Tt respectively. 

Repeating the argument made in the proof of Lemma 13.31 we can conclude the theorem 
from the following. 

Theorem 3.5. Under the assumptions of Theorem \2.b\ we have the laws of the processes 
{B^^j^^y t > 0} converge, as N +00, weakly in the Ji topology of V to the law of 
{Bsit),t>0}. 
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Before presenting tlie proof of tlie tlieorem we shall need some auxiliary results. For 
each 5 > 0, we denote by As = As{s) the set of "plateau" points of St of size at least 6, i.e. 

t & As iS St is constant in the interval {t — 6,t + 6) (1 [0, T^]. (3.10) 
Observe that As C As' if 6' < 6. 

Lemma 3.6. For a fixed L > the sequence {s^, ^ > 1} converges to s in the following 
sense: 

i) II A^"^ o sn - s||oo ^0, as N ^ +oo, 

ii) there exists a decreasing sequence 6n 0, as N ^ +oo, such that o = 
s{t) fort e As^, n> N and all N >1. 

The supremum norms appearing above are taken over the interval [0, L] . 

Proof. Notice that this notion of convergence is stronger than the uniform convergence. 
In fact, since A^r tends to the identity, convergence in the above sense means the uniform 
convergence plus also the convergence of plateaus. Let 

:= sup[||f W o A„ - f lU, ||5(") o A„ - B\U ||A„, - id|U, \\Xn' - idlloo]. (3.11) 

n>N 

For any t G As^ and n > N we have: 

Therefore, ^^"^(t)- —t — ^1^08(4)' "which proves that Sn{t) = A„ o s{t). 
Let 

qn ■= max[||T^^^ o \^ - T||oo, H^*^^^ o Atv - 5||oo, HAtv - id||oo, ||A^^ - id||oo]- (3.12) 

Since all the functions S7v(t) are monotonic in order to prove i) it is enough to prove 
pointwise convergence of SN{t) to s(t). We prove that 

SNit) < s(t + Qn) + dN- (3.13) 

Assume that s{t + ajy) < s — ajy- Then, s{t + un) < A^^(s), which implies that t + oat < 
In light of (13. lip we get t < Tg^^ and (13.131) follows. Likewise, we prove that 



SN{t) > s{t — aj\i) — Oat and, as a result, we conclude the proof of part i). □ 

For each t > define ABt = Bt — Bt-. Let us define {tj; i > 1} as the set of jumps of 
Bt, ordered by its magnitude, i.e.: |A_Bt-| > |Ai?f.^J for any i>l. Let also 7^ := {ti]i = 
l,...,n}. 

For a fixed L > and set F C [0,L] we define 

7^(F) := sup \Bt - Bs\, 
s,te[o,L] 

where we say that s ~ t if Ffl [s, t] =0. We say that 7^(-F) := if the supremum is taken 
over an empty set. 
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Lemma 3.7. We have 

lim 7^(r„) = 0. (3.14) 

n— >oo 

Proof. Let us define ci;^(5) as the modified modulus of continuity of iBf- 



uj'^{S; L) = inf sup sup \By — B, 

n i Si^i<x,y<Si 



X I ) 



wliere tlie infimum is taken over partitions 11 = {0 = sq < ■ ■ ■ < = L} tliat are 5-sparse, 
i.e. sucli tfiat Si — > 6 for all is. We have lim5^o+ ^^(^i L) = a.s., see p. 123 of [3]. 
For each n, define to be the diameter of the partition of [0, L] generated by the points 
belonging to T^. Suppose that e > is arbitrary and 11 = {0 = sq < " " " < -^i = -^^} is a 
partition e„-sparse and such that 

sup \By- <u'^{en;L) +e. 

Si^l<x,y<Si 

On each connected component X of [0, L]\Tn there is at most one Sj. If there is no Sj that 
belongs to I we have sup^, ~ Bx\ < ^Bi^n'i L) + e. When, on the other hand some 

Si belongs to 1 for any x,y El and x < Si < y we can estimate 

\By-B,\ < |4-4J + |A4J + |5,,--4| < 2[u'^{en, L) + e] + \ABtJ 

thus, 

7^(r0 <2a;ye„;L) + |AAj. 

Since Bt is cadlag, lim„ ^Bt^ = 0. Combining this with the fact that lim„ e„ = we 
conclude fIXTD . " □ 

Lemma 3.8. Let {6m, m > 1} be as in the statement of Lemma \3.6i Under the assump- 
tions of Theorem \2.6[ we have 

lim sup |Afii| =0 in probability (3.15) 

Proof. Let 

Am := [3t e [0,L] : \ABt\ > e-\A6m) and AT; < 5J. 
We shall show that 

F[Am]=0, Vm>l. (3.16) 

We suppose first that (3 < 1. Consider the jump process {zj:^^ := {B^^\tI;'^^), t > 0} 
corresponding to the jump measure 

u[p\d\i,dX2) := 1bc(o)(Ai, A2)i^*(rfAi,dA2). 

Let Z := z/l'^^(]R^). This process can be realized as follows: zj.''^ = ^j^^^^, where Zn^ is 

a sum of n independent random variables distributed according to Z~'^i'!f\dXi, dX2) and 
N(t) is an independent Poisson process with intensity Z. Therefore 

¥[Al^^]=0, (3.17) 
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where 

:= [3t e [0,L] : IAbJ"^] > e-^(35^) and AT}"^ < 25„]. 
Let {Zt := {Bt,ft), t > 0}. It is well known, see e.g. g] Theorem 14.27, that 

lim sup \zj:''^ — Zt\ = 0, in probability. (3.18) 

Combining f l3.17p and (13.181) we conclude (I3.15p . 

The case when j3 E [1,2) can be concluded similarly. However, in that case the approxi- 
mating processes should be of the form {Z^^^ - c^pH, t > 0} for some c^''^ — [cf\o), where, 
in general, cf^ may diverge, as p — > 0+. □ 

Proof of Theorem l3.5l Suppose, with no loss of generality, that the sequence n > 1} 
is strictly decreasing. Writing -B-^L = b[^\^i . ,,, we notice that it is enough to show 

convergence in the Ji-Skorohod topology of B^-^i^~^^^-^ to i?s(t). For any L > we exhibit 

increasing homeomorphisms A^v : [0,Tl] [0,T^^^] such that 

J}5^^^^->s^o^M{t) = Bm (3.19) 

and 

lim A^(t) = t, (3.20) 

A''— ►+00 

uniformly on [0,T/;,]. Let {f^, > 1} be an increasing sequence of positive integers such 
that Tg^ = s{Asf,). Define Ck := s~^{%,^). This set is a union of ik disjoint closed intervals 
that constitute the ik plateaus of s{t), each of length greater than 26k. The open set Cj: is 
a union of a finite number of open intervals (relative to [0,Tx,]). Let Kk be the minimum 
of the lengths of these intervals. Of course Hk decreases to 0, as k +oo. 

Let {Mk, k > 1} be an increasing sequence of positive integers such that 
6n < min[Kfc/2, 6k—Sk+i] for all > M^. Recall that then |t|^|^^_— Ti_| and |t|^^^^ -j— Tj. |, 
i = 1, . . . ,£k are less than, or equal to for ^ ^ Mk- Therefore, for each A^ > Mk the 
intervals [t|^^^j^j_, t|^^^^,^] (plateaus of sn) are mutually disjoint for i = 1, . . . , ik. The same 

holds also of course for the respective [Tt--,Tt.] (plateaus of s). 

We say that the interval [c, d] follows [a, 6] if c > b. Let us take i, j such that their 
corresponding plateaus [Tf^_,TjJ and [Tt-^,Tt] are consecutive (in this order). Then 
[Ti%.,Tl%] follows [f (;^(\^)_,f for Mk^, > N > Mk. For these AT-s we de- 

fine AAr(Ti._) := T^i^|^^_, and AAr(Ti.) = T^^^l^,) and elsewhere Ajv(t) is defined by a linear 
interpolation. It is obvious from the construction that A]\f{t) converges uniformly to t on 
[0,fL], as A^ ^ +00. 

Observe that for any t G As,, we have AAr(t) G As^_^^ and, thanks to Lemma [321 we have 
then for all A^ > Mk+i{> k + 1) 



14 M. JARA AND T.KOMOROWSKI 

The last equality is a consequence of the fact that both Ajv(t) and t belong to the same 
component of C^. This proves that limTv^+oo -Baj^^osjvoAjvI*) ~ ^Kt) uniformly on s{Asf,). 
The statement on the uniform convergence on the entire [0, Tl] follows from Lemma 13. 8[ 
Indeed, suppose that e > is arbitrary and > is sufficiently small so that 

2iu'i=,(K,k; L) + max ABt < 

Then, for A^'o sufficiently large, so that for > A^'o we have |A^^ o sat o AAr(t) — < Kk/2, 
Vt G [0,Tl]. Suppose that p > is arbitrary, = sq < . . . < sk = L are Kfc-sparse and 
such that 

sup \By - < u'^^Kk, L) + p. 

For t ^ s{Asi^) we have s{t) e X, a connected component of C^. Since X fl s{Asi_) = and 
the diameter of X is less than, or equal to we have 

I^A-io%oA^(t) - Bs{t) I < 2[uj'^{Kk; L)+p]+ max AB^ <2p + e. 
and the lemma can be concluded from Lemma I3.8[ □ 

4. An EXAMPLE OF A JUMP PROCESS WITH A cr-FINITE INVARIANT MEASURE 

The one dimensional torus T is an interval [— vr, tt] with the endpoints identified. We 
apply the above results to a jump process {Kt, t > 0} on T with a cr-finite but not 
probabilistic invariant measure. The generator of the process is given by 

Lf{k) = ^{k) [ f{e, k)[f{e) - f{k)]de, / e i?,(T). (4.i) 

Here Bi,{T) denotes the space of bounded, Borel measurable functions on T. Function 
1^0^ > fiO,k) > ro > is continuous on T, even, i.e. r{—9,—k) = f{9,k) and doubly 
stochastic i.e.: 

[ f{e,k)de = I r{k,9)d9 = 1 
Jt Jt 

for all /c G T. On the other hand, we assume that 7(— /c) = 7(A;) satisfies mi\k-ko\>5l{k) > 
for any 6 > and 7(A;o) = 0. We suppose furthermore that 7(/c) is bounded and 
jj'~f~^{k)dk = +CXD. This kind of processes appears while considering the transport of 
particles in quantum systems, see e.g. Section 4.3 of [6]. It is easy to see that m*((i/c) = 
'y~^{k)mi{dk) is an infinite, reversible, invariant measure for the process. Here mi denotes 
the normalized Lebesgue measure on the torus. Indeed, for any / G Bb(T) 

[ Lf{k)m,{dk)= [ [ f{9,k)[f{9)-f{k)]d9dk 
Jt Jt Jt 

= [ f{d)d9 [ f{9,k)dk- [ [ f{9,k)f{k)d9dk = 0. 
Jt Jt Jt Jt 

The process {Kt, t > 0} can be constructed using a Markov chain and a renewal process 
that corresponds to the jump times. Consider a skeleton Markov chain n > 0} defined 
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on Tfcg := T \ {—ko,ko} with transition probability r{9,k)d6 and Xq = Kq. Let t{k) := 
7~^(A;) and {p„, n > 0} be a sequence of i.i.d. random variables exponentially distributed 
with intensity 1, independent of the skeleton chain. Let to •= and t„ := Y12Zot{Xk)Pk, 
n > 1. We can take then := for t G t„+i). 

Assume that t{k) > > for all k e T^,,. Our first result concerns the Harris property 
of an embedded Markov chain. 

Proposition 4.1. Suppose that h G (0, t*). Consider an embedded Markov chain {Knhi n > 
0}. It is Harris recurrent w.r.t. measure rrii, i.e. for any Borel subset B with mi[B\ > 
we have 

F[3n>0: KnheB] = l. (4.2) 

Proof. Our hypotheses on the skeleton chain guarantee that F[D] = 1, where D = [Xn G 
B, i.e.]. Let An := [X„ e B, tn+i — tn > 2h]. To see that fl4.2p holds it suffices only to 
prove that 

P[C] = 1, (4.3) 
where C := Un>o^'^- Note that Ici^u) < f{uj), where 



f{u) := n [lB=(^n) + lB{Xn)llr„>2]] . 



n>0 

However, denoting by E the expectation over another copy of measure P, we get 



E/ = EE m [lB^{Xn) + lB(^n)l[f„>2]] 
ln>0 

= E m [iB^Xn) + 1b(X„)E1[^„>2]] [ = E <j J] [iB^Xn) + lB(X„)e-'] 
= E m [iB^Xn) + lBiXn)e-^] ,d\=0 

\^n>0 ) 

and (USD follows. □ 
As an immediate corollary to the above proposition and [13], Theorem 1, p. 116 we 
obtain that is the unique cr-finite invariant measure under the process that is absolutely 
continuous w.r.t. mi. 

Denote by {P*, t > 0} the transition semigroup of the process. It satisfies the following 
integral equation 

Ptf{k) = e-'^^'^f{k) + -f{k) f e-^^^'^dT f r{k', k)Pt.^f{k')dk' . (4.4) 

Jo Ji 

For any > 1 and T > denote by 

N-l 

An{T) := [{to, . . . , rjv-i) : r, > 0, ^ = 0, . . . , A^ - 1, J] < T]. 



16 M. JARA AND T.KOMOROWSKI 

Iterating equation (I4.4p we can easily show that 

-t7(fcjv) 



e 



Ptfik) = e-'^^^^f{k) + ^ ^{k) j ...j j ...j 

N 

X n {^(^^) {-^Mh) - l{kM))}f{h. A;,„i)} f{kN)dT^''^dk^''\ 

i=l 

Here /cq k^ dr^^"^ := dro . . . dr^-i, dk^^^ := dki . . . dkiy- The component of transition 
probability function absolutely continuous w.r.t. mi equals therefore 



Mk,k')dk'=Y,lik) ... ... , 

N=l J J J 



N 

1=1 

Thus, for every /i > 0, C G BiTko) with dist(C, {— /cq, ^o}) > and mi{C) > we have 
inf k^k' ec Ph{k, k') > 0. Thus, the transition probability function of any embedded chain 
{Knh, n > 0} is aperiodic in the sense of [16]. Suppose that /o = dvQ/dm^ G L'^im^) is a 
density. Thanks to reversibility of we obtain that the density 

ft = ^ = PJo, Vt>0. 

4.1. Mixing property of the process. Our first observation concerning the process is 
contained in the following. 

Theorem 4.2. Suppose that the initial law uq of the process is absolutely continuous w.r.t. 
the Lebesgue measure nii on the torus. Under the above assumptions v^Pt converge weakly, 
as t +00, to the measure /i* := 1/2(5^^ + ^-fc,,)- In addition, the process is completely 
mixing, i.e. if Vq, v'q are two initial laws on T^^^ then 

lim \\vQPt-v'^Pt\\TV = Q. (4.5) 

t— >+oo 

To prove the above result we first show the following. 

Proposition 4.3. For any compact set K C T^q and a measure uq as in Theorem \4.2\ we 

have 

lim uoPt[K] = 0. (4.6) 

f— >+oo 

Proof. Using a density argument it suffices to show fl4.6p for measures i'q whose density 
belongs to L'^{m^). Thanks to strong continuity of semigroup {Pt, t > 0} in L}{m^) in 
order to prove (14. 6 p it suffices only to show that for any /i > 

lim u^P^j,[K] = Q. (4.7) 
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From the Harris recurrence property we know that for any set A C T^,, with [A] > we 
have P/ilyi(x) > 0, m*-a.e. hence from [TT], pp. 85-102, we have fl4.7l) for any K such that 
+00 > m*[Jr] > 0, cf. Theorem C, p. 91 of ibid. □ 

The proof of Theorem 14.21 Let h G (0,t*). Define by C := f]n>oCn, where C„ is 
the smallest a-algebra generated by {Kmh, fn > n}. According to Theorem 1, p. 45 of 
[IE] the tail cr-algebra of the chain that is Harris recurrent and aperiodic has to be trivial. 
Therefore, according to Lemma 3, p. 43 of ibid. (14. 5 p follows. 

Observe that if u{k) is a density w.r.t. m^{dk) = '~f~'^{k)dk such that u{—k) = u{k) then 

uPt{-k)=uPt{k). (4.8) 
This follows from the fact that Vt{k) := uPt{—k) satisfies equation 

'^{k)=vMk): 

vo{k) = u{k). 

Since uPt{k) satisfies the same equation from the uniqueness of solutions we obtain uPt{k) = 
Vt{k) = uPt{—k). Let uo^dk) := u{k)m^{dk). Combining (14.81) with Proposition 14.31 and 
(14. 5 p we conclude that uqPi =^ (l/2)[5_fco + "^fco]; as t ^ +oo. From the (already shown) 
complete mixing property we conclude in particular that for any initial distribution /xq we 
have fioPt =^ {l/2)[S^ko + '^fco]; weakly over C(T), as t — > +oo. □ 

4.2. The convergence of additive functionals. Suppose that 7(/c) ~ c^,\k — ko\^, when 
\k — kol <^ 1, for some k, > 1 and c* > 0. Then the law of t{k) under mi belongs to the 
domain of attraction of a stable subordinator with index a = 1/k. When e L^(mi) and 
Jj '^{k)dk = we have the following. 

Corollary 4.4. Let m{k) := V{k)t{k). The laws of y}^^ := N''^/^ j^W{Ks)ds over 
C[0, +oo) converge, as N +oo, to the law of the Mittag-Leffler process that corresponds 
to an a-stable subordinator. 

Assume also that the law of \Ef(fc) under mi belongs to the domain of attraction of a /?- 
stable law. Since the skeleton chain n > 1} considered here satisfies the assumptions 
made in Section 12.11 from Theorem 13.11 we conclude the following. 

Corollary 4.5. Suppose that (3^1 and for (3 G (1,2) we have jj'^{k)dk = 0. In 
addition, assume that t{k) := '~f~^{k) and \&(A;) satisfy (12. lip . Then, the laws of y}^^ := 
]\f-oi/P j^* V{Ks)ds converge, as N ^ +oo, weakly in the Mi topology on T> to the law of 
{C,t '■= Bs{t), t > 0}, where {Bt, t > 0} is a [3-stahle process and s(t) is the right inverse of 
an independent, a-stable subordinator. When P = I the theorem still holds, provided that 
y/^) := N"' f^WN{Ks)ds, where V^ik) is given by M . 

Remark. The jump process considered in Section 4.3 of [6] has the generator given by 
Lf{k) = ccos^ k Jr^f{k' — k)[f{k') — f{k)]dk' for some constant c > and a density function 
r{k) satisfying < f{k) < r^^ for some G (0,1). Theorem 14.21 allows to claim that 
uoPt =^ l/2(5_^/2 + 5,1/2)) as t +00 for any initial measure z/q absolutely continuous w.r.t. 
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Lebesgue measure. This answers in the affirmative the conjecture made in the discussed 
paper. For a square integrable and centered observable \1/ we have the convergence of 
N-^/^ J^W{Ks)ds to a Mittag-Leffier process. Note that when ^(-A;) = -^(fc) belongs 
to the normal domain of attraction of a Cauchy law and it is not singular at 7r/2 then 
N~'^/'^ /o^* ^{Ka)ds converge, as — +00, to a fake diffusion. 

5. The proof of Theorem 12.41 

To simplify the notation we shall assume throughout the remainder of the paper that 
kjsf = N. Tightness of laws over V x V is obvious in light of the fact that each coordinate 
corresponds to a family of weakly convergent processes so we deal only with the problem 
of identifying the limiting law. 

Let = to < ^1 < • • • < and ef\e^'^ e R, i = 1, . . . , M. Let also AB^p : = 
- B^tf_\ and AT^p := T^p - tI^, i = 1, . . . , M. We prove that the laws of random 
vectors 

ie^ABlp + ei'^ATif\ A<^ + ei'^^ATiP) 

converge to the respective finite dimensional distribution of corresponding to {{Bf, Tf), t > 
0}. Here {Bf, t > 0} and {Tf, t > 0} are the Brownian motion and the subordinator, 
described in Section [2.2[ independent of {Bt, t > 0}. To simplify the notation we shall 
consider only the case when M = 1 and we prove that the laws ofOiB^t^^ + e 2Tt^^ converge 
to the law of OiBt + 02Tt. The proof in the general case is analogous. 
Let 

m 

Bf) ,= iV-V2^i?o(X„+i,X„), (5.1) 

n=0 

where x ^ -^^(^) is the unique zero mean solution of 

(/ - P)x = * (5.2) 

and 

Ro{x, y) ■■= xix) - Pxiy) x,y e E. (5.3) 

Note that from (15. 2p it follows that ||^I^||Lp(7r) < 2||x||LP(7r) for all p G [1, 2]. For each T > 
we have 

lim sup - fij^^l = a.s. (5.4) 

Indeed, 

To prove fl5.4p it suffices only to use the fact that for any stationary sequence {Zn, n > 0} 
such that ]E|Zo| < +00 we have 

lim A^~^ maxjZo, . . . , Zjy} = 
both a.s. and in the sense. In our case we can take Z„ := [\1/(X„) + Px{Xn)]'^- 
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Recall that {r/^\ t > 0} is the process defined by ( 12. 7p . For any 1 < A < +oo consider 
also the processes 

m 



and 



where 



n=0 



[Nt] 



n=0 



Here Q-i is the trivial a-algebra and A^r := AiV^/". 
Let 

[Nt] 



n=0 



The following result holds. 

Proposition 5.1. For each t > we have 



lim E 



(7V,A) 



t / Xua{dX) 



In addition, for any t,e,T] > there exists A > 1 such that 



lim sup P 



The proof of (17. ip . Observe that for 5 > we have 

iV-V"E^E[l[o,5](iV-^/"t(X„+i))|6;„] <C(t + l)iVi"i/" / t{x)l 

n=0 

< C{t + l)iVi-i/" / 7r(t(x) > \)d\ < C{t + 1)5^-". 
Jo 

On the other hand for any g G C^(]R \ {0}) we shall demonstrate that 



(5.5) 



(5.6) 



(5.7) 



[i(x)<<5Ari/ 



ci7l{dx) 



hm E 



^E [g{N-'/%X^+,))\g^] -t / g{\)uM>^) 

n=0 Jo 



0. 



(5.^ 



Equality (17. ip can be then easily concluded by an approximation argument. 
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To prove (15.81) suppose that suppf? C (m, M), where < m < M and rewrite the 
expression under the expectation as I^^ + J^'' , where 



'at •- 



^ / g{N-'/'^tiy))P{X^.„dy)-[tN] g {N-'/'^t{y)) n{dy), 

n=l ^ 



:= [Nt] g{N-'lH{y))7:{dy). 



We have, 



W-»+oo 



hm = t hm N^-^^" / g' (iV-^/"A) 7r(t(i/) > X)d\. 



Changing variables A' := ^/"A and letting +oo we obtain that the right hand side 
of the above expression tends to t g{\)va{d\). 
We show that 



lim EIJ 



The expression under the limit equals 



N 



0. 



E 



.+00 

/ g\\)Y,GM{X^-iA)d\ 

■^0 n=l 



(5.9) 



(5.10) 



where Gn{x,\) := P{x,Bn,x) - 7r{BN,x) and ^tv.a := [y ■ t{y) > iV^/^A]. From the tail 
estimates of t{x) we get 

C 

sup 7r[BN,x\ < — 

\e[m,M] 

for some constant C. We have J G^ly, X)7r{dy) = and 

j G%{y,X) 7ridy) = j P\y, BN,x)7i{dy) - n^B^^^) 



< 2 



p{y,x)7i{dx) 7i{dy) + 2 / Q'^{y, BN,x)n{dy) 



< G 



p{x,y)n{dx) n^dy). 



To estimate the utmost right hand side we can use Cauchy-Schwartz inequality and con- 
clude that for A > m the integral is bounded from above by 



G7r{B 



N 




p'^{x,y)7i{dx)n{dy) 



(5.11) 



<^o(l), asA^-^oo, 
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iVsup / Gi,iy,X) n{dy)^0, 

\>m J 

as N ^ 00. We will show now that ( 15.12^ and the spectral gap together imply that 



(5.12) 



sup E 

Ag [m,M] 



[Nt] 

G'Ar(X„_l, A) 

n=l 



-T 2 



(5.13) 



as ^ 00. Since suppf?' C [m, M] the expression in fl5.10p can be then estimated by 

[Nt] 

GAr(X„_l, A) 



sup E 

Xe[m,M] 



n=l 



X / \g'{\)\dX^O, 



as N ^ +OC and (15.91) follows. 

To prove (I5.13P let un{-, A) = (/ — P)^^G]\f{-, A). By the spectral gap condition (12.21) we 
have 

We can rewrite then 

[Nt] [Nt]~l 

^GAr(X„„i, A) = Un{Xq) - UN{X[m]) + ^ Un, 
n=l n=l 

where Un '■= u^^Xn) —PuN{Xn-i), n > 1 is a stationary sequence of martingale differences 
with respect to the natural filtration corresponding to {X^, n > 0}. Consequently, 

'[Nt] ^ 
GN^Xn-l, A) 



E 



n=l 



<CN / uUy,X)n{dy)^0 



and (I57[3l) follows from (KW and (El). 

The proof of (15. 7p . Observe that for any a' G (0, a) we have 



E 



< 



-E 



i-[t(X„)>A^ 

n=0 



(5.14) 



We use the elementary inequality (^- Oj)"' < ^ a°' that holds for arbitrary > and 
a' G (0, 1). By stationarity of {Xn, n > 0} we obtain that the left hand side of (I5.14p can 
be estimated by 



C(t+ l)iVi""'/"y t"'(x)l[t(,.)>A^.]vr(rfx) 

POO 

< C{T + l)iVi-"'/" / A"'~V(t(x) > X)d\ < C{t + 1)A"'" 
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and the conclusion of the lemma follows upon choosing suitably large A > 1. □ 
The proof of Theorem 12.41 reduces therefore to showing that {OiB^^^ + 62Tt ^'^\ t > 0} 
converge in law, as ^ +oo, to {OiBt + 62Tt^\ t > 0}, where {tI;^\ t > 0} is a Levy 
process, independent of the Brownian motion {Bt, t > 0}, with the exponent 

/•A 

^^(^) := a / (e*^« - 1 - iXOX-^'^c^dX. 
Jo 

We use Theorem 1 p. 450 of [5]. Let Zn,N '■= ^i-^n^ir + d2Z^\, where Zq^^ := and 

Z%-=^Ro{Xn.Xn-l). n>l, (5.15) 

'■= {i(^n,)l[t(X„)<Ajv] 
-E[t(XOl[i(X„)<A,.]|^n-l]},n>0, 

Recall that Aat = AA^-^^". Note that {Zn,N, n > 0} constitute an array of martingale 
differences. The following result holds. 

Proposition 5.2. There exists a bounded increasing function G0^fi,^{-) such that 

J\m ^ E [Zl^j^l^a<z„,i,<h] I Gn^i] = t[Gei,02(&) " G'ei,02(«)] for any a < b (5.16) 

n=l 

in probability. Here Qn, n > is the natural filtration corresponding to the sequence 
{Xn,n>0}. 

In addition, the function Gg-^^g.^{-) satisfies 

[ (e^«" - 1 - t^X)X^''Ge„e,{dX) = -{a^e^e + Ca|^2rier)- 

According to Theorem 1 of [S], the above proposition implies that the characteristic 
function of the limiting process equals exp{—t{a'^6f^'^ + Cq,|6'2|"|.^|°)}. This concludes the 
proof of the convergence of finite dimensional distributions. 

The proof of Proposition 15.21 The proof shall be divided in two parts. First we prove 
that for any interval (a, b) that does not contain and any C°° function g that is supported 
in that interval we have 



[Nt]-1 

hm 

AT- 

in probability. Secondly, we show that for any c > 

m-i 



m-i .A 

lim V E [g{Zn,N) I Gn-i] = t\92r / 9{X)u4dX) (5.17) 



lim sup E 



n=l 



h{c), 
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where limc^o+ ^(c) = 0. For an arbitrary interval {a,b), where a < < 6 we divide it 
into a sum of three disjoint intervals (a, — c), (— c, c) and (c, 6), where < c < min[— a, 6] 
and conclude using the above results and a standard approximation argument that for any 
e > we have 



lim sup E 



[Nt]-1 



n=l 



which, of course, implies f l5.16p . 

To start with the proof of (15.171) we let 0a (a^) := a;l[a;<A] and suppose that g{x) = x'^ip{x), 
where (p G C^(M) is such that < ip < 1, supp ip C (a, b) and < a < 6. We can expand 
g {Zn+i,N) using Taylor formula, up to the second derivative, around z^^\Xn+i), where 
^^(x) := A^-^/"^20A„ o t(x), and obtain 



[Nt]~l [Nt]-1 

J2 E [giZ^n,N) I Qn]= [9 (^^^^H^n+l)) | Gn] 

n=0 n=0 

[Nt]-1 

+ J2 ^[R{Xr,+l,X^)g'{z^^\Xn+l))\gn\ 
n=0 

d\ ¥.[R\X^+,,Xr,)g" {z^^\\'))\Gn]dX\ 

n=0 



(5.18) 



where 
and 



z'i'\\') := A'i?(X„+i,Xj + z{X,,+,] 



6 6 



Denote the terms appearing on the right hand side of (15.181) by In, II n and IIIn respec- 
tively. Calculating as in the proof of (17. ip we obtain that 



lim E 



iN-mr / g{X)iya{dX) 



0. 



We show that the remaining terms 11^ and III^ tend to 0, as ^ +oo, in the sense. 
Note that 



E\IIn\ < Eii^ + e'^\ 



where 



E)i^ := \9^\N'/^E\Ro{X,,Xo)g' {z{X,))\, 

eJJ) := |^2|iV'''/"E|P(0A^ot)(Xo)^?'(2(Xi))|. 
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By an application of the Cauchy-Schwartz inequality we obtain 

n(l) / ^Arl/2ll _/|| (^tr>2/^ N N . _ I /i-l I Arl/al 1 1/2 



< C\\g'\\^ {E[i?2(Xi,Xo),t(Xi) > aie^'lN'/'']}'^' ^ 

as ^ +00. 

To estimate E}^ we shall need the following result. 

Lemma 5.3. For N +00 we have 

ll0A,ot|u.(^) = o(ivv-i), 

||WA.ot)|U.„=0(iVV-l) 



and 



||P(l[A.,+oo)Ot)|U2„=0(iV-l). 



(5.19) 
(5.20) 

(5.21) 



Taking this lemma for granted, its proof shall be presented momentarily, we show how 
to finish estimating E|J/7v|. We have 

eP < |^2|iVi"i/"||(?'|UE [P(0A^ ot)(Xo), \eMXi) > aiV^/"] (5.22) 

<CiVl"V-||P(0A,ot)|U.(,)||P(l[^,^,+^)ot)|U.(,), 

where A'^ := N^^"A' and A' := a|6'2'^|. Using Lemma [5.31 we estimate the right hand side 
of fl5.22p by an expression of order o(A^~^), which shows that E|JJ7v| — > 0, as — ^ +00. 
Note also that from (15.191) it follows that for any m > 

P[|^(^)(Xi)| > m] = vr[|^(^)(x)| > m] < "'^^^"/J'^'^^^ = CN~' ^ 0, 



as — s> +00. Likewise, one obtains that for any A' G [0, 1] 

P[|4^^(A')| > m] ^ 0, asiV^+00. 

We have therefore 



(5.23) 



E|///jv| <iV(t + 1)11/1 



E 



Ii'{X,,Xo),\4''\X')\>a 



dX' 



<CN{t + l)\\g"\\^\N-' I E x'{Xi) + [Px{Xo)]Mzi;'\X')\> 



dX' 



+iV-2/-||P(0^^ o t)\\l,^^^j ^0, as + 
by virtue of (l5:20|) and ([523]). 



00 
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The proof of Lemma 15.31 Note that 
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lim.°^)lli^w<2 




p{x, y)(f)AN ° t{y)'^{dy) T^idx) 



Q{x, dy)(j)A^ o t{y)Ti{dy) Ti{dx 



Denote the first and the second term appearing on the right hand side by In and IIn 
respectively. Thanks to fl2.5p one can estimate 1^ from above by 



C(2)||^A,ot||i <C7(2)||0A,ot||i, < C(2) / t{y)n{dy) 

'[t{y)<A^] 



C(2) 



7r[t(y) > \]d\ < C 



d\ 



1 + A" 



< C"iV2(l/"-l)_ 



Observe that this estimate also proves fl5.19p . Additionally, we have 



N 




Q{x, [A < t{y) < Ayv])rfA 7i{dx 



< c 



< c 




p{x,y)Tr{dy)dX\ ^{dx) 




J[x<t{y)] 



{t{y) A AAr)p(x, y)n{dy) ir{dx) 



< ||tAA^||i,(^)<C"iV2(i/-i). 



This concludes the proof of (15.201) . The proof of fl5.2ip is similar. 
Suppose now that c > 0. Note that 



□ 



[Nt] 



'^n,N) l[|Z„,jv|<cl 



[Nt] 
n=l 

[Nt] [Nt] 



n=l 



n=l 



n=l 



Denote the terms appearing on the right hand side by 11^, and W^. For an appropriate 
constant C > we have 

nW^l <cIn \E[[e^z['M'^' \E[[e2Z[%f, \92Z[%\ < 10c] 
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Denote the first and second term appearing in the braces on the right hand side by W^^ 

(2) 

and VF^ respectively. We have 

P[|^2<i.|>A] < P[t(X„) > iVi/"A/(2|^2|)] 

+ 7r[P(0A.ot)>iVi/"A/(2|^2|)]. 

The first term on the right hand side is clearly less than, or equal to CN~^X~°' for all A > 0, 
> 1 and a certain constant C > 0, independent of n > 0. By the Markov inequality the 
second term can be estimated by 

A-iiV-i/"i|0A^ot||^i(,) <C(AiV)-\ 

by (15.191) . One can easily see that 

Pil^s^'i^l > A] < CA-^(1 + A^-°)A^"^ (5.24) 

for all A > 0, > 1 and a certain constant C > 0, independent of n > 0. Using (I5.24p 
and the elementary estimate 



Eii«iz;! 



"in 



1/2 



< CN- 



-1/2 I 



we obtain 



- /-lOc 

/ (l + A^-")c/A 
Jo 



1/2 



<c'\\x\\m.Mi + c'~n]'/' 



for some constants C,C' > 0. 

On the other hand, using Chebyshev's inequality we get 



(5.25) 



for all A > 0. The constant C > appearing here does not depend on N,n and A. Thus, 
for some constants C, C > 0, we have 



W^^^ < CNAE 



(1) 



< CNA I E 



(1) 



1/2 



pl/2 
1/2 



ri^l,Arl 



> 9c 



as N 



< C |e [Rl{X^,Xo), \e^Z[%\ > 9cJ | ^ 0, 
00, cf. (I5.15p . We have proved therefore that 



limsupE|Vr^| < C[c(l +c^-")]^/^ 



where c > can be chosen to be as small as we wish. Thus, lim^v-^+oo EIVTatI 
Note that 



0. 



E|V5v| < CNE[[e2Zi^'>^]\ \e2ZltN\ < lOc] 



(5.26) 



-CiVi"2/"E[0i^ot(Xo), |^i<^|>9 
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for some constant C > 0. Denote the first and the second terms on the right hand side of 
f l5.26p by V^^"*, V^^"* respectively. Using (15.241) we obtain 



< C 



plOc 

/ A(l + A-")rfA 
Jo 



1/2 



< C'[c{l+c 



for some constant C > 0. This term can be made arbitrarily small by choosing a sufficiently 
small c > 0. On the other hand, from Chebyshev's inequality 

Vj,'^ < CNA'F[\9MX^,Xo)\ > 9cN'/'] 

< c'A^E[[eMx^,x,)]^ \eMx,,Xo)\ > 9cN'/'] ^ o, 



both a.s. and in the sense, as 
where 



-oo. Finally, we can write that Un = Un — 



N, 



m 



n=l 



and 



U 



N 



m 



n) 



4l^n.]v|>c] 



Gn-1 



n=l 



We have, by the ergodic theorem, 

■p m 

N 



n2 m . 



+ 00, 



n=l 



both a.s. and in the sense. Here 



a' 



ll^lli2w + llxlli2(,)-l|Pxlli2(,) 



We can also estimate, using stationarity of {X„, n > 0}, that 

nUN\<CelE[Rl{Xi,Xo),ANl 



where An is the event that either |6'ii?o(^i, Xo)| > or \02Zl'^\ > c and C > 

is a certain constant. The conclusion of the proposition follows therefore from the L^- 
integrability of i?o(-^i,^o) and fl5.24p . In addition, 

Ge,,eAdX) = c,(A)|ei|"z/„(dA) + ey6idX). 

□ 



6. The proof of Theorem 12.51 

Tightness of the laws of T^^"*), t > 0}, > 1 follows from tightness of each 

coordinate, see |T7j. We shall prove the convergence of the finite dimensional distributions 
of the process {^iSf ^ + ^2^/"^^ t > 0} for any 6i ^ 0, 62 0. To simplify the notation 
we shall only consider one dimensional marginals and the case when (3 G (1, 2). 
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We maintain the notation from Section [51 Suppose that x is the solution of the Poisson 
equation (15. 2p and Zn,N '■= ^i-^n^A? + ^2^^^Ar, where Z^\j := 0, and 

^n^N '■= j;pJ^Ro{Xn,Xn-l), (6.1) 

with Z^^, 77, > 1 as in (I5.15p . Function Ro{x,y) is defined by (15.31) . We demonstrate that 
the laws of ^|^o -^ri,Af converge, as — > +00, to the law of a stable random variable whose 
characteristic function is given by e-'^oi'02^^^ with iperMO = ¥^K0i^)ip^°'\92O , where 
^^'^\-) , ^^°'\-) are the Levy exponents defined in (12.101) and corresponding to indices of 
stability (3 and a. This result can be in fact easily generalized to multidimensional statistics. 
To further simplify considerations we only deal with the case (3 G (1, 2). Generalization to 
an arbitrary j3 G (0,2) is routine and we leave it to a reader. Since \1/ = x — Px ^"^^ Px 
has lighter tails than \I^(x) and t(x), thanks to (I2.12p we conclude the following. 

Lemma 6.1. There exists a constant C* such that 

vr[x:t(x)>A, |x(x)|>A]<^. 
The exponent 7 is the same as in (12. lip . 

Suppose that g{x) = x'^ip{x) where ip G C^(M) is such that < ip < 1, supp ip C (a, b) 
and < a < b. We can expand g {Zn+i,N) using Taylor formula, up to the first derivative, 
around z^^\Xn+i), where 

z(^)(x) := N~'/^ei^{x) + iV-V"^20A^. o t{x), 



and we obtain 



[Nt]-1 lNt]-l 

J2^[9 iZn+l,N) I Gn] = (^^^n^n+l)) | Qn] (6.2) 

n=0 n=0 

+ J2 / ^[R{Xn+i,X„)g'{zi!'\\))\gn\d\. 

n=0 



Here 

and 



z, 



(N) 



(A) := Ai?(X„+i,X„) + z(^)(X„+i) 



R{x,y) := -^[Pxix) - Pxiy)] - ^^(0a. ° tM- 



By virtue of (I2.12p and (15.191) we conclude that there exists C > such that for all A G (0, 1] 

\zlf\X)\>a\<^, \/N>l. (6.3) 

Denote the terms appearing on the right hand side of (17.230 by In and IIn respectively. 
To compute the limit limAr^+oo /at we follow closely the argument made in the proof of 
5.8p . It is based on the following lemma. 
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Lemma 6.2. Suppose that suppgf C (a, 6), where < a <b. Under assumption (12.111) we 
have 

^lim N J g {z^^\x)) 7i{dx) (6.4) 

+ 00 



\e,f / gix)MdX) + \e2r / gWi^aidX). 



Proof. Suppose that 7 > ki > a V where 7 is the same as in (12.111) . and 

An := [|^i|t(x) > (a/2)iVV«\ |^2*(x)| > ia/2)N'/% 
Bn := [|^i|t(x) > (a/2)7Vi/", |^2^(x)| > (a/2)iVV«i]. 

Observe that 

vr(A^)<^o(l) and 7r(5^) < lo(l). 

To compute the hmit on the left hand side of (16. 4p it suffices therefore to compute the 
hmits hmAr_^+oo /cj^\ i = 1, 2, where 



/CS) :=iV j giz^^'Hx)) IcMdx), 
1C%^ := N [ g {z^''\x)) W(rfx), 



where 

Cn := [|^i|t(a;) < {a/2)N'/^\ |^2^(x)| > (a/2)iVV/^], 
Dn := [|^i|t(x) > (a/2)iVi/", |^2*(x)| < (a/2)iVi/'^^]. 

Up to a term of order o(l) we have /C^^ = ^j^"*, where 

t'i^ ■.= N j g{z^''\x))n{dx), 

and 

5W(x) := ^2iV"'/'^*(x). 
Repeating the argument used in the proof of (17. ip we conclude that 



TV 

and likewise 



lim ^j;) = 1^2!'' / g{\)Md\) 



r+00 

Jim IC^^^ = \9^r / gWi^aidX). 



□ 
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We use the above lemma to calculate the limit limTv^+oo In- We can write Jjv — -^n^ '^-^n^ i 



where 



m 

n=l ^ ^ 



Jf := [Nt] j 9{z^''\x))7T{dx). 
It can be shown that 

lim El/ 



(1)| 
N I 







precisely as the corresponding term in the proof of (15.81) . From Lemma [6.21 we obtain that 



lim E 



g (A) Ua{d\). 



0. 



On the other hand 



where 



E 



E 



E^ji^ ■.= it+l)\\g'\U9,\N'"'/^ 

E^^^ := (t + l)||(7'|U|^2|iV'-'/" 
From Holder inequality and (I2.12p we have 

E^^^<C\e,\N^-^nPx\\,,a\9'\\oo sup P^-^/^'[zr(A) 

Ae(o,i] 

for all > 1 and some C > 0. 
We also have 



> a 



dX. 



dX, 



17:241 

> a] < 



C 



iVl//3-l//3' 



as N 



Ef <CN^~^/^P{<P^,ot)\\L.^^^ sup pi/2[zr(A) 

Ae(o,i] 

-oo. This proves that E|JJ7v| — 0, as ^ +oo. 

7. The proof of Theorem 12.61 



> a < 



Ari/2 



To simplify the notation we maintain the assumption that (3 G (1, 2). The consideration 
of the other cases (3 e (0, 1) and (3 = 1 can be done similarly. In fact the respective 
arguments are simpler than the one presented here. Denote {Z, 



(TV) 



(5f\Tf)),t>0}, 



where the respective processes are defined by (12. 7p and (12.81) . Let {Z, 



{NA) 



0}, where B^^^ and T^^"'^' are given by (15.11) and (15. 5p respectively. Since 



t > 



lim lim sup sup \zl^^ — Zj:^^\ 



0, in probabihty, 



NON-MARKOVIAN LIMITS FOR MARKOV PROCESSES 



31 



it suffices only to prove the conclusion of the theorem for zj:^''^^ for a fixed A. The weak 
convergence can be concluded from the following. 

Proposition 7.1. Under the assumptions of Theorem \2.6\ for any g G C^(]R^ \ {0}) 



lim E 



N 
n=l 



N 



Gn- 



and 



lim A^E<lE 



Here Z^^n ■= (^^,Ar, ^„,Ar)' where Z.^ 
generated by Xq, . . . , Xn- 



(1) 7(2) 



ri,N 



g{\i,\2)y^{d\i,d\2) 



0. 



(7.1) 



(7.2) 



■^n N ^'^^ given by fl6.1l) . and Qn is the a-algebra 



Postponing for the moment the proof of the above proposition we show how to use it in 
order to finish the proof of Theorem 12.61 

The proof of the weak convergence. This argument follows closely [8]. Below, we 
formulate a certain estimate of the total variation distance for counting random variable 
and a suitable Poisson random variable taken directly from [10], see Theorem 5, p. 258 
and also Proposition 4. 3, p. 268 there. Before formulating the result let us introduce an 
auxiliary notation Ki{q) := —q~^ log(l — q) and K2{q) '■= q~'^[— log(l — q) — q] for |g| < 1. 
For any random variables X, Y denote by d(X, Y) the total variation distance between 
their laws, given by d(X, Y) = sup^ |P(X e A) - F(Y e A)\ . 

Theorem 7.2. Suppose that: 

1) {Q'i, i > 0} is a filtration of a -algebras, with Q'q := {0,fi}, 

2) T is a stopping time, 

3) we have a family of events {Ai, i > 1} such that Ai G Q[, i>l, 

4) iV = E[=iU, 

5) Let Pi := P(74j|^j'_j^), z>l, 0<a<6 and e, 5 G (0, 1). We shall assume that 



\ i=l i=l J 

Then, 

d{N, Na) <ae + b-a + 26, (7.3) 

where a := {l/2)[Ki{y^)]'^ + K2{\/e) and Na is a Poisson random variable with the pa- 
rameter a. 



Let M^^o := [0, +oo) x (M^ \ {o}) and let M 



loc\ 



be the space of all locally finite 



point measures on M;^ q equipped with the vague topology. 
We define an ^Aloc{^% Q)-Yahxed random element by leting 



m 



MnW^.A X A] :=5^U(Z„, 



N 



(7.4) 



n=l 
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for a Borel A C M^^o- ^ conclusion from Theorem 17.21 we obtain. 

Lemma 7.3. Measures A/tv, considered as random A4ioc{^^ q) -valued random elements, 
are weakly convergent in law, as N +oo, to a Poisson measure Af on M.^ g '"^^^^ intensity 
^^{dtydX) := dtu^i^dX). 

Proof. To abbreviate let us write k^lt) := [Nt] — 1. Suppose that A is of the form A = 
Uiii where := (a,j, 6j] x Jj. Here (aj, i = 1, . . . , m are pairwise disjoint while Jj 
are finite unions of disjoint two dimensional intervals. We shall show that for such a set 



Af]sf[A] M[A], as N ^ +oo. 
According to [15], p. 209, this implies the convergence in question. We have 



(7.5) 



«=1 kff{ai)<n<k^{bi) 

As a consequence of Proposition 17.11 we have 



N 



lim E 



«=1 ki^{ai)<n<ki^{bi) i=l 



0. 



We also have 



E 



i=l kj^{ai)<n<kj^{bi) 



(7.6) 



m. 



1)E{E [h^{Zi^N)\Go]V ^0, 



as N —>■ +00. Theorem 17.21 implies then (17.51) . 
Define a random measure 

[Nt] 

Af'jy[[0,t] X A] := E^ (^n,7v) I Gn^l] • 



□ 



(7.7) 



n=l 



As a consequence of Proposition 17.11 we conclude that Af^{dt,dXi,dX2) =^ dtu^{dXi,dX2] 
as N +00 over Mioc(^^+o)- Let D^^a; = [(Ai,A2) : 6 < \Xi\ < A, z = 1,2] and Da; = 



[(Ai, Aa) : |Ai| < A, i = 1, 2]. The mapping H : M 



loc{ 



T>2 given by 



A|en 



A^([0, t] X rfA), t > 0, /i G A^;oc(K+,o) 



(7. 



is continuous at any /i G A/lioc(I^+ o)' ^"^^ which ^{d^i^/^i) = 0. Applying the continu- 
ous mapping theorem, see Theorem 2.7, p. 21 of [3], for 7i we obtain that the processes 
{H{M^)(t), t > 0} converge weakly over V2 to the process {t f^^^^^^ Az/*(c/A), t > 0}. 

Since the limit is a deterministic, continuous function the convergence holds also in prob- 
ability in V2 in the topology coming from the supremum norm. 



NON-MARKOVIAN LIMITS FOR MARKOV PROCESSES 



33 



Denote by Lj^i the law of the random element A/" : f2 ^ A^ioc(IR+o)- Observe that 
]EA/'([0, i\ xc^D^^A') = therefore the set Z that consists of possible discontinuity points of 
satisfies Cj^{Z) = 0. Using the continuous mapping theorem we obtain that the processes 
{Z^t^\6, A') := n{UN){t), t > 0} converge weakly over V2 to the process {7^(7V)(t), t > 0} 
hence the processes A') := Xll^o ^n,N'^ag ^,{Zn,N), ^ > o| converge weakly, over 

V2 to the jump process | ^ XJ\f{[0,t] x d\),t > o|. Suppose that A' > A and let 

A') := (5f A'),rf A')) be given by 

m 



(7.9) 



5f )(5,A') := 5^{<^ln,,,(^n,^) -E 

n=0 

[Nt] 

n=0 

Process zf^^(A') := (5j^^(A'), t/^^(A')) is defined analogously to I^M>- The only differ- 
ence is that D^^A' is replaced, throughout the definition, by Da'- 

Combining the convergence staments on Zf^\6, A'), z[^\6,A') with Lemma 17.41 we 
conclude that the processes {z[^\6, A'), t > 0} converge in law over V2 (equipped with 
the Ji-topology) to 

Zt{5,A') := [ W([0,t] xd\)~t [ \u,{d\). 



The proof of the theorem can be obtained from the above and the following facts: 

lim sup \Zt{6,A') — Zt\ = 0, in probability for any L > 0, (7-10) 

that follows from Theorem 14.27, p. 312 of [1], and the two lemmas 
Lemma 7.4. For any e > and T > 1 there exists A' > 1 such that 

[Nt] 



E 



and 



E 



sup 

*e[o,T] 



[Nt] 



n=Q 



< e 



sup 

te[o,T] 



n=0 



{Zn ,n) I Gn- 



< e. 



(7.11) 



(7.12) 



Lemma 7.5. For any A',e,r] > and L > 1 there exists 6 G (0, A') sufficiently small so 
that 

' < rj. (7.13) 



lim sup P 



PD([0,L];R^)(^f^(5,A'),Zf)(A'))>5 

Here PDi[o,L];R'2) is the Skorochod metric on D([0,L];R^). 
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The proof of Lemma 7.4 ■ We only prove (17. lip . The proof of fl7.12p is analogous. For 
A' > A we can estimate the expression on the left hand side of (17. lip by 

iV^-i/^TE [Ix(^i) - Px{Xo)l Ix(Xi) - Px{Xo)\\ > A'iVV^] (7.14) 

p+oo r+oo i\ 

< CN^-^'fT / 7r(|*| > \)d\ < C^N^-^/^T / ^ 



provided that A' is sufficiently large (recall /3 G (1, 2) in this case). Here we have also used 
the fact that Px has lighter tails than \E'. □ 

The proof of Lemma \77^ Since zj:'^\A) = z[^\6, A) + z[^\6), to prove (17. 13p it suffices 
only to show that for any 77 > there exists 5 G (0, 1) such that 

n 2 



lim sup E 



sup |Zf )(5)| 

tG[0,T] 



< T]. 



(7.15) 



Let -F(A) := 7r[|^| > A] and G{X) := 7r[|t| > A] By Doob's inequality we can estimate 



E 



sup |zf)(<5)| 

tG[0,T] 



< 



c 



[NT] 



n=l 



: C(T+ 1) [N^-^/^m [vl>'(Xo)l[o,5) (iV-i/'^vl>(Xo))] 
-iVi-2/"E [t'(Xo)l[o,5) (iV-^/"t(Xo))]} 



(7.16) 
(7.17) 



-C(T + 1) <^ N^^^'" J 



\^F{d\) + y A'G(dA) 

Using integration by parts we obtain that the utmost right hand side equals 
2C{T + 1) <^ N^-^'P j XF{\)d\ - C{T + l)N^~^l^\^F{\) 

XG{X)dX - C{T + l)Ari"2/°A2G(A) 1^^^^° 



iVl-2/o 



<2C(T+1)<^ Ari-2//5 y 



ArfA 

A^TT 



AdA 

A" + 1 



+ 52-^1 ~C"((52"'^ + (52""), 



as ^ +00, for some constants C, C", C" > 0. Estimate (I7.15P then follows, upon a 
suitable choice of S. □ 
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The proof of Proposition 17.11 Since \1/ = x ~ Px ^"^^ Px has lighter tails than 
thanks to (12.121) we conclude the following. 

Lemma 7.6. Suppose that (12.131) holds. Then, there exists a constant Ci^^ such that 

Tr[x:\t{x)-eox{x)\>\]<^. (7.18) 

The exponent 7 is the same as in (I2.13p . 

Proof. The left hand side of (17.181) can be estimated by 

vr [x : \t{x) - e o ^(x)| > A/2] + n [x : |e o $(x) - e o x(x)| > A/2] . (7.19) 

The first term can be estimated directly from (I2.13p . To estimate the second term recall 
that \1/ = X — Px- Since Px = (/ — P)~^P'^ we have ||-Px|lL/3'(7r) < +00, where /3' is the 
same as in condition (12.121) . When P < a we have |e(Ai) — e(A2)| < e(Ai — A2) for all 
Ai, A2 G M. Thus, the second term in (17.191) can be estimated by 

c\\ PxCu 

Xal3'/I3 

and fTTTS]) follows for p' > (3. 

When, on the other hand (3 > a the second term in (I7.19P can be estimated by 

TT [x : |e' o m{x)Px{x)\ > A/2] + tt [x : |e' o x{x)Px{x)\ > A/2] . (7.21) 

To estimate the first term we recall that according to Young's inequality A1A2 < ^i/p+^l/^l 
for any Ai,A2 > and p,q > such that p~^ + = 1. Choose p such that pi : = 
p{P /a — 1) < P/a and (/3 + /?') / (2a) > q > P/a. The first term in (I7.2ip can be estimated 
by 

vr [x : |^(x)| > CiA^/Pi] + vr [x : |Px(x)| > C2A^/''] (7.22) 

for some constants Ci,C2 > independent of A. The first term can be estimated by 
CA~^/^i, while the second by C'A^^'/'^||Px|lL'3'(7r)- These together yield the desired bound 
on the first term in (I7.2ip . The second term can be dealt with similarly. □ 
Suppose that g is as in the statement of Proposition 17.11 We can expand g {Zn+i,N) 
using Taylor formula, up to the first derivative, around z^^\Xn+i), where 

^(^)(a;) := (iV-^/^^(x), iV'^/^^A^ o t(x)). 



vr [x : \Px{x)\ > (A/2)"/T < (7.20) 



and obtain that 



[Nt]~l [Nt]~l 

J2^[9 {Zn+1,N) \Gn]= ^ E [(7 (^(^n^n+l)) | Gn] (7.23) 
n=0 n=0 

m-1 



Here 



J2 / E[i?(X„+i,X0-V^?(zf)(A))|6^n]c?A. 
4^)(A) := XR{Xn+,,Xn) + 
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R{x,y) := {N-^'^[Px{x)-Px{y)i-N-^'''P{<P^,ot){y)). 

Let a* :=dist(0,supp g). By virtue of f l2.12p and f l5.19p we conclude that there exists C > 
such that for all A G (0, 1] 



P 



<§, ViV>l. 



(7.24) 



Denote the terms appearing on the right hand side of (17.231) by In and IIn respectively. 
To compute the limit limTv^+oo In we follow closely the argument made in the proof of 
(15. 8p . Let Ag^g^(A) := (A, 0a o e(A)). It is based on the following lemma. 

Lemma 7.7. Under the above assumptions 



^hm iV I g (z(^)(x)) 7r(dx) = j g ^dX). 



(7.25) 

Assuming this result for a moment we show how to calculate the limit limTv^+oo In- We 
can write In = i'n^ + In\ where 

m 



'at •- 



I g{z^''\y))P{X^-udy)-[Nt] L(^W(x))vr(rfx), 

n=l 



if := [Nt] j g{z^''\x))n{dx). 
It can be shown that 



lim E|/ 



{1)| 
N I 







(7.26) 



precisely as the corresponding term in the proof of (15.81) . From the above lemma we obtain 
therefore that 



lim E 



iN-t g (^Ai^liX)) UfsidX) 



0. 



(7.27) 



We write 



E\IlN\<E'i^ +E'^f, 



where 



E'i^ ■.= it + l)\\Vg\Ue^\N'~'/^ I E \PxiX,) - PxiXo)l 4~^(A) > aj2 



.(2) 











1^1 


ATI- 


-1/13 


! E 








Jo 














-1/a 


[ E 








Jo 



dX, 



P( 



t){Xo), ^r(A) >aj2 



dX. 



From Holder inequality and (I2.12p we have 



E'iiUc\9^\N'~'/('\\Pxh,'M\\g'\\oo sup P^-^/^' >aj2 



A6(0,l] 



EH C 

< 



iVl//3-l//3' 



for all > 1 and some C > 0. 
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We also have 



sup 

Ae(o,i] 



pl/2 



c 



Ari/2 



as +00. This proves that IE|JJAr| — 0, as — > +00. 



The proof of Lemma \7. 7[ Let 

An := > a,N^^^/2, or t{x) > a,A^^/"/2] 

and for some 7 > k > a we let 



Observe that 



Let also 



C C 

7^{An) < ^ and 7r{BN) < 



(7.28) 



2^''\x) := (iV-^/^^(z),iV"^/°0A^ oe(^(a;))). 
Note that z'-^^x) = z'-^^x) + r(^)(x), where 

r(^)(x) := (O,iV-i/-[0A, ot(x) oe(vI/(x))]). 

Note that z^^'>{x) lies outside the support of g on A^. Therefore, the expression under the 
limit in (17.251) can be written as 

N J g (^(^H^)) UMdx) =In + Jn, 

Tn:=N jg {z^'^Hx)) U^s^dx), 
Jn:=N jg (z(^)(^)) lA^lB^7r(dx). 

17:281 , 

In < N\\g\\^7r{BN) < CN'-'^/^WgW^ ^ 0, 



where 



Note that 



as ^ +00. 



Finally, Jn = jj}'^ + jS\ where 



J^;f^ ■.= N [ f Vg (5(^)(x) + Ar(^)(x)) ■ r^'^\x)lA^lB^,n{dx)dX. 
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Suppose that 5 > is arbitrary and A^o is such that for N > Nq we have N^^'^ < dN^^"". 
Let 

C(;) := [e(^(x)) < AAT^/", (A + 5)N^''^ < t{x)], 
CjJ) := [t{x) < AN'/", (A + 5)A^i/" < e(*(x))] 

and Dn := [N~'/H{x) G (A - 5, A + 5)]. We have 

The first term on the right hand side comes from the estimate r^^\x ) < iVi/«-i/" that 
holds on Bf^ D [e(\l/(x)), < A^v] fl [e(\l/(x)), > Ajv]. The remaining terms can be 
estimated by 

c„(l + o(l))|| V(7||oo[(A - (5)"" - (A + 6)-% 
where o(l) 0, as ^ +oo. 

Concerning the term J7^^\ repeating the above argument we can justify that it is equal, 
up to a term of order o(l), to 

jli^:=N J g{~z^''\x))7r{dx) (7.29) 

-N I f_ ^g[xfXi>^))^o>x>n^)Adx)d\. 

Here, A.^^\_^{\) := A.^^\^{\N~'/^). Consider the first term on the utmost right hand side of 
fl7.29p . Integrating over x we obtain that it equals 

-^9 (AS,(A))7r[A<M/(x)]rfA. 

Changing variables A' := XN'^^ and letting +oo we obtain that the limit equals 

-g (aS^Ua)) A-^dA = g (a^^^A)) u,{dX). 

The limit for the second term is computed in the same way and we obtain fl7.26p . □ 
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